
'Askhsh 1

Apaloif  Gauss - B ma 2:

DiairoÔme th gramm  2 me -4.8 kai thn pollaplasi�zoume me -16.8 , dhlad 
thn pollaplasi�zoume me to (-16.8 / -4.8) = 3.5 opìte metasqhmatÐzetai wc
ex c:([

0 −4.8 −1.56
] [
−96.208

])
×3.5 =

[
0 −16.8 −5.46

] [
−336.728

]
kai thn afairoÔme apì th gramm  3 gia na p�roume: 25 5 1

0 −4.8 −1.56
0 0 0.7

 a1
a2
a3

 =

 106.8
−96.208

0.76


PÐsw Antikat�stash - B ma 3:

25a1 + 5a2 + a3 = 106.8

a1 =
106.8− 5a2 − a3

25

a1 =
106.8− 5× 19.6905− 1.08571

25
a1 = 0.290472

'Askhsh 2

'Estw ìti o pÐnakacA èqei diast�seic n×n. To kìstoc tìso thc paragontopoÐhsh-
c LU ìso kai thc apaloif c Gauss eÐnai O(n3) pr�xeic. EpÐshc to kìstoc
epÐlushc enìc trigwnikoÔ sust matoc eÐnai O(n2) pr�xeic.

(A) Gia thn epÐlush enìc grammikoÔ sust matoc Ax = b kai oi dÔo mè-
jodoi kostÐzoun qrìno O(n3) + O(n2) = O(n3) kaj¸c ekteloÔn pr¸ta e-
laqistopoÐhsh tou A se U kai met� (to mìno epiplèon pou gÐnetai sthn
paragontopoÐhsh LU eÐnai h apoj keush twn paragìmenwn pollaplasiast¸n
gia to sqhmatismì tou L ) epilÔoun to trigwnikì plèon sÔsthma Ux = c me
pÐsw antikat�stash.

(B) Gia thn epÐlush poll¸n susthm�twn Ax = b me Ðdio pÐnaka suntelest¸n
kai diaforetik� dexi� mèrh b, oi dÔo mèjodoi kostÐzoun ton Ðdio qrìno gia thn
epÐlush tou pr¸tou apì aut�, dhlad  O(n3). 'Epeita, h paragontopoÐhsh LU ,
èqontac upologÐsei ton L kai ton U gia touc opoÐouc isqÔei ìti LU = A,
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mporeÐ na upologÐsei ta upìloipa sust mata me qamhlìtero kìstoc apì autì
thc apaloif c Gauss. Autì sumbaÐnei diìti isqÔoun oi sqèseic Ax = b ,
Ux = c , A = LU . Apì autèc ex�getai ìti:

Ux = c⇔ LUx = Lc⇔ Ax = Lc⇔ Lc = b

opìte lÔnoume to trigwnikì Lc = b me pr�xeic kìstouc O(n2) gia na broÔme
to c kai met�, p�li me kìstoc O(n2) lÔnoume to Ux = c gia to zhtoÔmeno x.
To sunolikì kìstoc eÐnai O(n2) + O(n2) = O(n2). H apaloif  Gauss ja
èqei kìstoc O(n3) gia k�je èna apì ta sust mata. 'Ara h paragontopoÐhsh
LU eÐnai taqÔterh upologistik� sth sugkekrimènh perÐptwsh.

(C) Gia thn eÔresh tou A−1 me apaloif  Gauss arkeÐ na lujeÐ to AA−1 = I.
Autì shmaÐnei ìti prèpei na gÐnoun n apaloifèc me to kìstoc kajemÐac na eÐnai
O(n3) kai �ra olikì kìstoc n×O(n3) = O(n4). Me LU paragontopoÐhsh to
kìstoc eÐnai O(n3) gia thn eÔresh twn L kai U , O(n3) gia thn eÔresh tou L−1

( h lÔsh tou LL−1 = I apaiteÐ th lÔsh n trigwnik¸n susthm�twn kìstouc
O(n2) to kajèna kai �ra sunolikì kìstoc n × O(n2) = O(n3) ), O(n3) gia
thn eÔresh tou U−1 kai O(n3) gia ton pollaplasiasmì U−1 × L−1 = A−1.
Sunolik� to kìstoc upologismoÔ tou antistrìfou apì thn paragontopoÐhsh
LU eÐnai 4×O(n3) = O(n3). 'Ara kai ed¸ h LU eÐnai taqÔterh.

'Askhsh 3

 1 0 0
0 1 0
0 0 1

  25 5 4
10 8 16
8 12 22

 m2,1=
2
5⇐⇒ 1 0 0

2/5 1 0
0 0 1

  25 5 4
0 6 72/5
8 12 22

 m3,1=
8
25⇐⇒ 1 0 0

2/5 1 0
8/25 0 1

  25 5 4
0 6 72/5
0 52/5 518/25

 m3,2=
26
15⇐⇒ 1 0 0

2/5 1 0
8/25 26/15 1

  25 5 4
0 6 72/5
0 0 −106/25

 =⇒ 1 0 0
0.4 1 0
0.32 1.733 1

  25 5 4
0 6 14.4
0 0 −4.24


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'Ara,

L =

 1 0 0
0.4 1 0
0.32 1.733 1



'Askhsh 4

 1 0 0
0 1 0
0 0 1

  25 5 4
0 8 16
0 12 22

 m2,1=m3,1=0⇐⇒
m3,2=

3
2 1 0 0

0 1 0
0 3/2 1

  25 5 4
0 8 16
0 0 −2

 =⇒ 1 0 0
0 1 0
0 1.5 1

  25 5 4
0 8 16
0 0 −2


'Ara,

U =

 25 5 4
0 8 16
0 0 −2



'Askhsh 5

To kìstoc se pr�xeic thc apaloif c Gauss gia thn eÔresh tou antistrì-
fou eÐnai an�logo tou n4 en¸ to antÐstoiqo kìstoc thc paragontopoÐhshc
LU an�logo tou 4 × n3 ( h aitiolìghsh eÐnai sthn ap�nthsh thc �skhshc 2
gia to (C) ). An t eÐnai o qrìnoc pou apaiteÐ h tèlesh mÐac pr�xhc, isqÔoun
oi sqèseic:(

4× n3t = 15 sec
n4t = x sec

)
⇔
(
4

n
=

15

x

)
⇔
(
x =

15

4
n

)
Gia n = 2000 isqÔei ìti o qrìnoc pou qrei�zetai h apaloif  gia thn eÔresh
tou antistrìfou, eÐnai x = 7500 sec.

'Askhsh 6
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IsqÔoun oi isqurismoÐ (2) (3) (4) (5) en¸ den isqÔei o (1).

'Askhsh 7

O swstìc algìrijmoc pou dÐnei th lÔsh gia to k�tw trigwnikì sÔsthma
[L][Z] = [C] eÐnai o (B).
O (A) eÐnai l�joc giatÐ sth gramm  4 aux�nei to j mÐa for� perissìtero apì
ìso ja èprepe, me apotèlesma na prostÐjetai sto sum kai o suntelest c thc
diagwnÐou tou L. O (G) eÐnai l�joc giatÐ den up�rqei mhdenismìc tou sum
metaxÔ twn bhm�twn thc antikat�stashc.
Tèloc, o (D) eÐnai l�joc diìti paraleÐpei to arqikì b ma thc antikat�stashc,
dhlad  thn eÔresh tou z1.

'Askhsh 8

Skopìc thc emprìc apaloif c eÐnai h ell�twsh tou pÐnaka suntelest¸n A
se ènan �nw trigwnikì pÐnaka U .

'Askhsh 9

H diaÐresh me to mhdèn kat� th di�rkeia thc emprìc antikat�stashc sthn
apaloif  tou Gauss sth lÔsh tou sust matoc [A][X] = [C] shmaÐnei ìti o
pÐnakac eÐte eÐnai idiìmorfoc, eÐte ìti eÐnai mh idiìmorfoc kai up�rqei monadik 
lÔsh (efìson o A eÐnai tetragwnikìc) arkeÐ na gÐnei mÐa,   perissìterec enal-
lagèc gramm¸n ¸ste na parakamfjeÐ to prìblhma diaÐreshc me to mhdèn. 'Ara
oi idiìthtec tou pÐnaka den eÐnai dunatìn na prosdiorisjoÔn me akrÐbeia.

'Askhsh 10

Apaloif  [
0.003 55.23
6.239 −7.123

] [
x1

x2

]
=

[
58.12
47.23

]
m2,1=2.079×103

=⇒[
0.003 55.23

0 −1.148× 105

] [
x1

x2

]
=

[
58.12

−1.207× 105

]

PÐsw Antikat�stash

4



B ma 1:

−1.148× 105x2 = −1.207× 105 ⇒
x2 = 1.051

B ma 2:

0.003x1 + 55.23x2 = 58.12⇒
0.003x1 + 55.23× 1.051 = 58.12⇒

0.003x1 + 58.04 = 58.12⇒
0.003x1 = 0.008⇒

x1 = 2.666

'Ara h lÔsh eÐnai

x =

[
x1

x2

]
=

[
26.66
1.051

]

'Askhsh 11

Apaloif [
0.003 55.23
6.239 −7.123

] [
x1

x2

]
=

[
58.12
47.23

]
|6.239|>|0.003|

=⇒[
6.239 −7.123
0.003 55.23

] [
x1

x2

]
=

[
47.23
58.12

]
m2,1=4.808×10−4

=⇒[
6.239 −7.123

0 55.23

] [
x1

x2

]
=

[
47.23
58.09

]

PÐsw Antikat�stash

B ma 1:

55.23x2 = 58.09⇒
x2 = 1.051
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B ma 2:

6.239x1 − 7.123x2 = 47.23⇒
6.239x1 − 7.123× 1.051 = 47.23⇒

6.239x1 − 7.486 = 47.23⇒
6.239x1 = 54.71⇒

x1 = 8.769

'Ara h lÔsh eÐnai

x =

[
x1

x2

]
=

[
8.769
1.051

]
'Askhsh 12

H orÐzousa tou �nw trigwnikoÔ pÐnaka pou prokÔptei apì thn apaloif  Gauss
eÐnai Ðsh me to ginìmeno twn stoiqeÐwn thc kÔriac diagwnÐou tou.

det(U) = (4.2857× 107)× (3.7688× 105)× (−26.914)× (5.625× 105)

det(U) = −2.4452633190951× 1020

det(U) ≈ −2.445× 1020

An den qrhsimopoi jhke merik  od ghsh kai epomènwc den èginan enallagèc
gramm¸n, isqÔei ìti det(A) = det(U) ≈ −2.445× 1020. An èginan enallagèc
gramm¸n endèqetai det(A) = − det(U), all� afoÔ den up�rqei antÐstoiqh epi-
log  sthn �skhsh upojètw ìti den gÐnontai enallagèc.

'Askhsh 13

Klassik  Mèjodoc Gauss
B ma 1:
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 25 5 1
64 8 1
144 12 1

 a1
a2
a3

 =

 106.8
177.2
279.2

 m2,1=
64
25⇐⇒

 25 5 1
0 −24/5 −39/25

144 12 1

 x1

x2

x3

 =

 106.8
−12026/125

279.2

 m3,1=
144
25⇐⇒

 25 5 1
0 −24/5 −39/25
0 −84/5 −119/25

 x1

x2

x3

 =

 106.8
−12026/125
−41996/125



B ma 2:

 25 5 1
0 −24/5 −39/25
0 −84/5 −119/25

 x1

x2

x3

 =

 106.8
−12026/125
−41996/125

 m3,2=
7
2⇐⇒

 25 5 1
0 −24/5 −39/25
0 0 7/10

 x1

x2

x3

 =

 106.8
−12026/125

19/25



PÐsw Antikat�stash
B ma 1:

7/10a3 = 19/25

a3 = 38/35

B ma 2:

−24

5
a2 −

39

25
a3 = −12026/125

a2 = 827/42
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B ma 3:

25a1 + 5a2 + a3 = 106.8

a1 = 61/210

'Ara h lÔsh eÐnai

 a1
a2
a3

 =

 61/210
827/42
38/35


'Askhsh 14

Klassik  Mèjodoc Gauss
B ma 1:

 20 15 10
−3 −2.249 7
5 1 3

 x1

x2

x3

 =

 45
1.751

9


 20 15 10

0 0.001 8.5
5 1 3

 x1

x2

x3

 =

 45
8.501

9


 20 15 10

0 0.001 8.5
0 −2.75 0.5

 x1

x2

x3

 =

 45
8.501
−2.25



B ma 2:

 20 15 10
0 0.001 8.5
0 −2.75 0.5

 x1

x2

x3

 =

 45
8.501
−2.25


 20 15 10

0 0.001 8.5
0 0 23375.5

 x1

x2

x3

 =

 45
8.501

23375.5



PÐsw Antikat�stash
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B ma 1:

23375.5x3 = 23375.5

x3 = 1

B ma 2:

0.001x2 + 8.5x3 = 8.501

x2 = 1

B ma 3:

20x1 + 15x2 + 10x3 = 45

x1 = 1

H lush pou brèjhke einai h [X] =

 1
1
1

. Den èqoume ap¸leia akrÐbeiac sto

sugkekrimèno par�deigma klassik c apaloif c an oi upologismoÐ gÐnontai me
akrÐbeia 6 shmantik¸n yhfÐwn.

'Askhsh 15

H diafor� thc sugkekrimènhc mejìdou se sqèsh me thn klassik  apaloif 
eÐnai ìti ed¸ efarmìzetai merik  od ghsh. 'Etsi blèpoume sto b ma 3 thc
apaloif c ìti oi grammèc 2 kai 3 enall�sontai ¸ste sth jèsh tou deÔter-
ou odhgoÔ na èrjei o megalÔteroc kat� apìluth tim  arijmìc thc deÔterhc
st lhc.

'Askhsh 16

Efìson jèlw na upologÐsw th sun�rthsh sto t = 21 me polu¸numo bajmoÔ 2
ja qrhsimopoi sw apì to sÔnolo twn dedomènwn tic treÐc timèc pou brÐskontai
plhsièstera sto zhtoÔmeno. Dhlad  tic timec thc v(t) gia t = 14, 15, 20.

To sÔsthma pou prokÔptei eÐnai to ex c:

196a+ 14b+ c = 227.04 = v(14)

225a+ 15b+ c = 362.78 = v(15)

400a+ 20b+ c = 517.35 = v(20)
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 196 14 1
225 15 1
400 20 1

 a
b
c

 =

 227.04
362.78
517.35


'Askhsh 17

To sÔsthma eÐnai lumèno me merik  od ghsh sthn Ðdia thn �skhsh 15 an den
k�nw l�joc. Opìte den ja to antigr�yw ed¸.

'Askhsh 18

Kat� th di�rkeia thc apaloif c me merik  od ghsh prèpei na qrhsimopoihjeÐ
epiplèon mÐa akèraih metablht -metrht c c h opoÐa arqikopoieÐtai sto mhdèn
prÐn thn ènarxh thc apaloif c kai kat� th di�rkei� thc aux�nei kat� 1 ìtan
sumbaÐnei enallag  gramm¸n. 'Otan h apaloif  oloklhrwjeÐ, h orÐzousa tou
arqikoÔ pÐnaka eÐnai:

det(A) = (−1)c ×
n∏

i=1

[ui,i]

Apaloif  me merik  od ghsh

c = 0
B ma 1:

A =

 10 −7 0
−3 2.099 6
5 −1 5

→
 10 −7 0

0 −1/1000 6
5 −1 5

→
 10 −7 0

0 −1/1000 6
0 5/2 5



B ma 2: 10 −7 0
0 −1/1000 6
0 5/2 5

 c++→

 10 −7 0
0 5/2 5
0 −1/1000 6

→
 10 −7 0

0 5/2 5
0 0 3001/500

 = U

Telik� c = 1, �ra:

det(A) = (−1)1 × [10× 5

2
× 3001

500
] = −3001

500
= −150.05
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